Math 160A Solutions to Homework 1 October 12, 2019

Name:

Pid:

1. Show that "7, (i +1)2° = n2"*! for all positive integers n.

Solution: We prove the statement using induction by n. The base case for n = 1 is true since
4=(1+1)-2=1-21"1 =4,

Now we need to prove the induction step. Let us assume that > ;- (i + 1)2° = n2"T!. Note that
SN 41)20 = S (i 1)20 4 (n+2)27H = n27t 4 (n 4 2)27F = (204 2)27F = (n41)27F2,

n

Hence, by the induction principle Y. (i 4+ 1)2° = n2"*! for any positive integer n.
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2. Let n be a positive integer and Ay, ..., A, be some sets. Let us define union of these sets as follows:

1. UL A = Ay,
2. UE Ay = (UR Ay U gy

Show that U, [i] = [n].

Solution: We prove the statement using induction by n. If n = 1, the statement is true since
Ui=1[i] = [1] = [1].

To prove the induction step we assume that U [i] = [n]. By the definition of the union U}%}'[i] =
(U, [i]) U [n + 1]. Hence, Uil = ] U n+1] = [n + 1].

Therefore by the induction principle, U, [i] = [n] for any positive integer n.
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3. (10 points) Let © be some set. Consider A4;, ..., A, C Q. Show that U ,4; =
{reQ : Jiehn xze A}

Solution: We prove the statement using induction by n. For n = 1 the statement is clearly true. Let
us now prove the induction step from n to n+1. Assume that U ;A; ={x € Q : Ji e n] z € A;}.
Note that U!Ml'A; = (U A4) U A,y = {2€Q : Jien]rec A} U A, We denote
{reQ : Jie[n] z € A;} by B. By the definition of union, B U A is the set of all z such that
either z € B or x € A,,41; therefore

BUA={zeQ : (Fiehlzel)orxecl,1}={xeQ : Tien+1lzeA}.

Which finishes the proof.




